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‘1’llis  ])a]mr  dcvclo])s  algcnitll]ns  fox :llllltik’~lliiil.)lc  stlatc-s}mcc  i(lm]tificatio)]  wl]icl] Cal) 1)(:
USC(1 to cstilllatc  models  ixl ally  olmator  of illtcrcst i . e . , delta-rule,  shift, ljal)lac.c  s, etc.
‘1’lIc al)l)roacl]  is lmscd 011 tllc Stat, c- S~mcc frolll  l“rquc)lcy  l)ata  (SS1’’1)) algoritlllll  wllicll
~irils  (I(:sigllccl  sl)ccifically  t,() [:]illlill:lt,c  ~list,[)lt,i[)lls  fl[)lll ~$~ill~lc)u,illg  Cflt~CtS.  AI1 illllmrtallt
aslmctl  d tl]c  a}q)roach  is the usc of (J\ ’cll)tll.till  lctl. izatioll. A  tllcorctic.al rcsu]t  is l)mvcd
wllicll  (lclllollstratcs  that, tllc extra dylJ:illlics  illtlo(luc.cd  froll] [)~’cl]):ilalllc:tlizjillg  ill  tllc shift
olmator  arc stlablc,  while t h e  e x t r a  dy)alnics  illtroducd  frmll  ol’(’ll)al”:il]letlizil)~;  ill  tllc
1 ,:il)lacc  s al]d  delta olmators  arc gcllclically  Il]lstal.)lc. ‘J’llis  lca(ls  to Ccrtaill  IIl(xlificatiolls
{)f tlllc  l,al)lacc :IIIC1 d e l t a  olmxators  to NISUN stal)i]ity  u]JdcJ  c)~~cll)til:illl  ctliz:itic)ll. ‘1’llC!
Ilscful]llcss  of the idclltificatioll  algoritl]lll  is dclnm)stratcd  on data talim frolll  a 4-il)lmt/3-
oll{l)tlt  flexible strut.turc Cxl)crilllcllt,  xcsultillg ill all idclltificd stntlt-sl)acc  Illocld  with 100
st:itcs  ac.c.llratc  over a 1 O(I llcrt,z l.xilldwi(ltl).

1. IN’J’IK)IIUCYJ’ION

l{ccclltly,  it l]as  bccll  found  t]lat rcalizatliol]  algoritlllllls  l)ascd 011 N4a1kov lmlalllctcrs
[ 8 ] [ 9 ]  [ 1 0 ]  Cwl bc cffcctivcly a~~*dicd  to tl,c *,*oblclIl  of states~mc.c  systc~,] idc~)tificatioll.
1’0 date, tllcsc algorithms’ liavc  lxcn dcvclqd ~)rillla.rily  ill tllc tin;c-dolllaill  [9][12] [14].
IIowcvcr,  ill lJ]alIy  al)})licat)iolls frqucnlcy ratllcr tllall tilllc dolnaill  data is availal)lc. 11) or-
der to al)l)ly  xcalizatim: algorit]lllls  to this case, ollc  II)ust  c.ol]l~mtc  tllc hlarkm’  lmralldcrs
fl’olll fI’C(]LICllC~  data. lt is at this ]wil)t that windowing  distortions are oftcl]  illtroducd.
}{’(H’ CXal J1})k, aII lI117crsc  l)isclctc l“cmricr ‘J’rallsfonll (I II F’J’) of  tllc flcqllcllcy  d a t a  ~Jro
vidcs aIl cstil  Ilatc  o f  the  hJarkm’  ~mralllctcr scqucmcc  wllicll  is distortcxl  l)y tilllc-aliasillg
cfl’ccts  [15]. ‘1’IIc S ta te -S lmcc  l“rcquc]]c.y lhllain  (SS1’’1)) algoritllll]  was il)tmduccd  ill [6]
to avoid SUC1l willdmvi)]g  dis tor t ions. T]]c  lmsic  idea  i s  to F;cllcratlc  Lltirk(n’ l)aralldcrs
indirectly  from a transfer function  wllicll  has lxc]] curve fitted to tllc frcqllcllcy  data using
tllc ll]ctllods  fomld  ill  [4].

1)1 tl]is  lmlm tllc SSFI) algoritll]]l  is mtclldd to cstilnate  s t a t e - s l m c c  l]lodcls  ill ally ol)-
crator  of ilkrcst,  i.c,, l,:i~dacc  s, delta-rule, sl)ift,  c:tc.. fmn frcquel]cy  dwllaiu d?tta.  111
~)llrsuil)g this cxtcnsioll , it is rcquid to a]]alyzc tllc dk~ct  of ()~’cll)?i~all] ctlix:iti()l).  It will
lm sl]own  that  the shift olmrator  is lmrticulady  wcl] suited for tllc jol),  i.e., tllc extra dy-
Ilall]ics  ill{lroducd  by  ol’cll)aralllctlizzitfioll  will always lx stal~lc. 11] Colltrastj,  it w i l l  bc
SIIOW1]  tl)atj  tllc delta olw.rater allcl 1 ,al)lacc  olmator  arc lmorly  suitd  for t}lc  jol ) i.e., tllc
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cxtrallcous  dyl]alnics  froll]  c)~’cll):tlalllct!izillg  am gcl]mically ullstab]c. ‘lllIC IIlaill tllcorcti-

cal rcsu]tl of this ~mlmr  cllaractcrizcs tllc Cxtjral)colui  dyllalllic.s  duc to ()\’cll)?il:ill]  ctliz:iti[)ll,
and is llsml to suggest al)prol)riatc  lnoclificatio]ls  of tile {Iclta - rtllc  a]]d l~al)lacc  o~wrat om.

‘.l’hc  SS1”1) algcnitllm  i s  tllcll  dcll]ollstratcxl  0]] IImltjivarial)lc  d a t a  sd frmll a 4-illl)ut/3-
outlmt  flcxil)lc  s tructure cx~m”illlcllt. Cmnl)lcx c u r v e  fitting  is ~mforlllcd  Imd 0]1 tl]c
algoritlllllls  and slmrsc mat r ix  ]I]ctllods  ?;ivcll  ill  [4], CI[:l]lo]lst]at)illg  the succ.cssfu]  cstil]]a  -
tioll  of 780 ~mralnctcrs  ill  tl}c fitted trallsfcr  fullctioll. Markov  }mralnctcr  cst il]]atcs  arc
.gplcratcd  frmn tllc cstilllatcd  trallsfcr  fmlctim) a c c o r d i n g  to tllc SSF’11 al)lnoacll,  lcadillg
tc) a (redud)  lnultivarial)lc  state slmcc  ll)odcl  with 1 (N s{atm acrmatc over a lmlldwidtll
I 00 of }Icrtz.

2. S’J’A’I’E-S1”DA  (31’;  FREQIJItNCY  1 )Olvl A IN 11 )I(:NTIFIC!A’I’ION

III this scc.timl,  tllc SS}{’1  ) algoritllln  of [6] is rcvicwcd , and cxtmldcd  to tile cstilnatioll  of
state- slmc.c ]nodc]s  i)) tllc arbitrary operator ~.

Sta-tC-SIMICC  Prcquc7tcy I)o~nai7L  (SS)’D)  ldc?Ltijicatio7L  A lgoritlL7[[

(1)

llcrc, tllc com~)lcx o~mator  & is arbitraIy; tllc data ~(b-)~)l  i = 1, . . . . ?){ is givcll ly ]Ioisy
Values  of tllc tl’allsfcr  function  lnatrix CValUatCd  OVcr a grid Of ??1 fIW]UCllC~ lmi]lts;  W(Ldi )
is a slmcificd weighting function of frcqucmcy;  aIId tllc l“robcnious IIOIIII is ddil Icd as,

(2)

wit,ll ‘~ * ‘) dcnoti~;g  tllc ccnnldcx  cmljugatc  tra]]s]mc. 1“0] ol)tilnizatioll  lmrlmcs,  tllc
tra]lsfcr  ful]ctiou  matrix  G(() is ccnlsidcrcd  to I)c ill tllc form of  tile ratio  o f  a  m a t r i x
IIllll)crator  ldynolllia]  B(() and all ?I t l l -order lllollic  scalar dcllolnillator  }dy]lolllia]  0((),
i.e..

(3)

11(() = 1)(, -1 11,(- ] -1 . . . -i ]1,, f--” (4)

a(~) =- 1 -1 (1)(-”]  -1 . ..-1 o,, ~- “ (5)

Wllw! 11~ c. w~x ””, Ii = 0,...,?/. ‘J’hc Illc)clcl  [) MICI” ?1 Sllmlld  bc Clloscll  Rs all 11] )])0’ })01111(1
o)i tllc true l)lallt  cwdcr so that,  tllc ol)tilllizatio]l  ~)roblcln  is ovc7’~)a7a7/lct7  i2(:(l.

Several  algoritl]ms  am prcsc]ltly  availal~]c for solviIlg  (1). ‘1’l]csc  Il]ctl]ods  t,c]l{l  to lx: of two
tylms, fixed-pc)int iterations [1][7][13][16] [19][20], or fixed-~millt, itcratimls cmllbillcd with
lllodificd gradimt methods [4][17] [20].



SK ltcmtion:

0  -  1 Ij” =. (). \Jritll fl~ fiXCC\ at mc.11 itcratiwl,  tlic cost,  functionwit]l  il]itial col)ditiml  a -  ,
ill (6)  is quadratic. IIcncw, tllc SK itcraticnl  is ilnl)lcll]mltcd  HS a squc]]c.c of lil)car l eas t
Sqllalm pld)lcms. As ]nqmsd ill [4], all cflm-.tivc  ap]nmcll  is to usc tllc SK itcrat iml as all
il~it,ialimr  for a C;auss-Ncwtioll (GN) itcratiml. Dcttiils ox] tile S K  a]]d  GN itcratimls  wit]]
c.lmiccs  of ]Kdynonlia]  basis for curve fitting  ill  tllc 2, A aIICl s olmrators  arc givcll  ill [4].
Also,  slmrsc ]natrix lnctllods  are illtduc.ed  ill [4] wllic.11  )]]fikc usc of tllc slmia] strut . turc
of tl]c  IIlatriccs  arising  ill tllc SK a]]d GNT iteratiol]s  fol tile l]llllt,i~~fll.i:il)lc  case .

(7)

wl~ic~l ?;ivcs  u~mli c.l”c)ss-]llllltil)lyillg,

l’kluatill?;  c.ocfficimlts  c)f tllc first A’ }Mwcrs  of ~-”’ ill (8)  gives  tllc followill?; systclll of Iillcar

1 0 “’” ““” ““” “’” o
Cl]l  I ““.

a]] 1 “’.

0,,1 ““. [/]1 1 ““.

o . ‘“. “’. ““.  ““. :“.

“.“. “. o
0 “:: o ((,11 “ “ “ a, ]

-— (9)
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GivcII tl]c cstilnatcd lmlynmnial  o(f) and }dylolllinl matrix  l)(~), tllc IIlllltil’ali:il.)lc Markov
})mlIldcl’s  Hi c 3?7” ‘“” , ? =“ (), . . . . N ChII Iw talc.u]atcd I.)y solviIlg t llc alm’c systcll} of
cquat,imls.  Sil)cc  tllc matrix to be inverted is lowm tria]lgular  with ol]cs olI tllc diag;olla], it
is always ilm’crtiblc  wd a solutiol] alwtiys mists. Fllltll(’rlIIC)Ic!,  sillcc  this systelll  of cqua-
tiolls is I)locli t r i a n g u l a r  it calI lw solvd by l)ackslll)stitllti(]ll  giving rise to tllc followil]g;
rcc.ursivc  formula,

~k]) ~. ~]LOO.~C  ally r ad S S?(C]1 i~l(li 1’ + .~ < AT - 2 0.7Ld I)iill(T,  S) >11,  (L71(~ jOT71L i]LC

llonkcl  iyye ?Ila.i?’ices H(o), 11(1) < W’J(’+ 2) X’’’’  (S+ 2, ‘uIh?’cj

n(]) =

(11)

(12)

1}],+2 }],.+s .“. }L+,,2J

Si)ej~ 4. ~071Lputc a. tda7Lccd .~tatc-.~pacc  7wdiza.tio7L using _tlLc flltA algo7iilL7iL, i. c.,

4.(! COlflputc t/LC Svl) Oj H(o) io give,

11(0) = u);vy’ (13)

Wll!c?’c  /1 ~ ?ni?t(?ty(r + 2),7 L,, (S -/ 2)) + 2, u ( w~~(” 2)X1’, 1~ < Wu(”-1 2)X1’, >; ==
dia{g{o], ..., ol, }, a7Ld tlLC .~ZTl<Qll./U7’  V1l/l/C.  ~ UTC 01’dCTCd hy .~tZC, 01 > o~+ , , i, ] ,..., }1 - 1

4. b l’ld ihc IIa.nhcl  singula,r  values cri io vi,~ualizc  trade-ofl hctulccn,  TILOIIC1 oIdc7 a7Ld idcn-

iijiCa.iiOIL accu7mcy,  a.7Ld tru7Lca.ic  io lcccl~ 07Lly q sing71,1a7  value.~.

4. c >’0771L q-tlL ordc7 .daic-space 7walizatio7L  i7L the opc7ator [ as,

[r z Aqx  -I II,)u (14)

y  ~- L’q 2: -{ 1)?[ (15)
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‘U1ll,  C7’C,

Aq = >;; ‘/2 U:’ll(l)VJ;;  ‘fz

]]q , );:12 V:’  E,,

Cq : E:’(JqX;12

1) = H(o)

~;:’  ‘  [~,,v x,,, 0] < ~/’’,, (’+2)+2)

N:’ = [l,,”x,,” o] ( ]{”U x~l”(s-+  2)

Xq = dimg{o],..., oq}

tJq - SUIMIltltliX fcmnd frcn]l first q C. O] UIIIIIS  of 2J

Vg - sulnllntfrix  forlnd  from first q cdulnlls  of V
9

3. <) VII:lLI’AliA  MI? TILIZArI’l  ON IN COMI’I,lI;X  C1.J}W}’; l“l~’rJ’lNG

A kcy  lmolmrty of tllc SSF1)  algoritl]lll  is that  tllc I]]odcl order ill  tllc C.OII1l)lCX  CMrvc fitting
st,q)  call  lW cwcrs}mcificd.  g’llis  is bcc. ausc ]IcaY lmlc-zero callccllatimls  ill  tllc c.ulvc fit forln
WC:lkl~T llllc,C)llt,l.C)llal~lc  aIIC1/CN  u]]obscrval)]c  sul)slmces  ill tllc statjc-sl)ac.c  rcalizatiol]  alld
arc systcl])atic.dly  clilnilmtcxl  l.msd 0]1 I]allkcl  singular  va lues .

(16.0)

(I(il))

(l(h)

(I(id)

(17.0)

(17./))

‘1’llc cficc.ts  o f  o\’c]l)axaIIlctxizatic)ll  ill
aIIaly Kxl ill this scctio]l.  WC will I]ccd

IX!llllmi 1 A ?lWl!iC @J7LOllLid

c(() = 1

gcnlcra] lnoldmlw  of ccnn]dcx  curve fitting  will k
tllc  followil)g  lcll)lna,

-1 q(-”] -1 . ..-1 Cf(-f (Ifs)

i,q .qto,/IIc  if rLn, d only  if its coc~)icicnt  UCCi O? C,, =- [C,,..., Q]Y’ CO?l hC U1l’itt  CTL [1S,

UJ}l, CTC 1(22  (. 7<.Ex~ anri r21 ~ R.[ arc dctcr7rlincd  jro In a Trhatriz partiiion, of a sy71(.7nctric
po$itiuc dCji7LitC Toc]~/iiz ?TLairix]  (c T<.([4])x ([+1), i.e.,

‘{’ [:: 1 ‘:2-1

(20)

l’roofi ltissllc)\~~lli ll\~iciIti~l l(ll<~iiliitll  ([18], scc I,cIIIIIIa c)IIl)zIgc 219tIIIclcc]II  ( 1 3 ) )
that aldyllolIlial c(~) has  all c)f itsrootjs illsidctllclll)it  circlcif alldolllyif,

(21)



r!

r]](y) -{ ?’;l C1, ‘P (22)

rz]co  -1 ltz~c,, = o (23)

%lvillg  f(n’ CO all[l C,, sill-llllttillco~lsly  ill ( 2 2 ) ( 2 3 )  a]ld  lcti,illg  P =  7>11 -  ?“~~l/~2]r21  =

(/(:t(l/)/clc:t  (l/22) > () g i v e s  co = 1  (IICIICC c(<) i s  ]Ilo]]ic) aIId cl, : - li~~rzI, zis dcsid. ■

~’llc!orc!m  1 l)c!-t t/LC @LILt h .qiwl by tllc jollou~i71.g rational i1’aTl.~jc7’fl  171ctioll in t]LC

co711plcz  mridlc (,

~((), w (24)
o(~)

a(~)  =- 1 -1 0] (-] -{ . . . -{ a,, f-” (25.(1)

uJ/Lcrc yoly7Lonlia.1.%  a(f) u.7Ld b(f) a7c co]~~i?nc. A.q.qu?llc  -tlLa.i 7Loi.q  clcs.q data, G’(&)  is .ql~ccijid
at N  d i s t i n c t  wduc.q  oj &, i = 1, .,., N ,  7LOllf  Oj UiLiC~L CoilLCidc  ulit]L Toots  Oj cl(()  0 7 ’  b(f);
UTLd lCt 071CT]JaTa.?ILCtriZCd  J)Oly?LOTILiU.h  ~1 a7Ld l) Of 07dCr N > jl. > 11 .!!a.~i.qf’ I]LC dda., i.C.,

where c(f) i.q a Tnonie poly7L071Lial  ojodcr f = (?1 - n), 2.c.,

c(() :- 1 + C](- ] -{ . ..+ Cf(-f

)’?l.7’t/lCTlllolc,  l~i? (L ?I.?liq?((! .90111.  tiO?L tO (26) hC OhtU.i7Ld (1.q,

(29)
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l{wmlt  (iv) is px’ovd  llcxt. IL follows by ddil)itioll  of tllc hlo(ne  1 ‘CIIIOSC illvclsc [2] that

tl)c  sollltioll  in (’29) is equivalent)  to tllc soluticn]  of tllc o])tilnizatio]]  1)101.JIcIII,

sul)ject  to,
11$ ~“ y (40)

IIowcvcr,  i]] light  of results (ii) alId  (iii), t]]is is also [!cluivalcvlt  to tl]e follmvi]]g  ]HOIJINII,

“+(] “ ‘(w (41)

wl,mc cl, = [c,, . . . . c~]y’, al,d witl,out  10ss of gcl]mality  a ‘ ( l”  was  addd to tflle cost,  (this.
(l(ws ]]ot afl”mt tllc Illil]i]lliz;itjic)]]). It is IIokxl  t ha t  tllc ]m]y]lo]nial  idoltiticw  ill  ( i i )  aIId
(i i i )  call }w ]Jut i],to  lnatrix  for*,l as ,

w [d [:111 (42)

WIICW A u [!(, [-A] is ‘J’ocylitz  with first COIUYIIII  /’{[ = [1, a ], . . . . all, 0, . . . . (l]y’ aIId 13 = [f~[l?]
is Toq)litlz with first c.olulnlI l?b =- [Lo, bI, . . . . L,, , 0, . . . . o]~’. ‘J’llc calstraild ol)ti)llizatioIl
l)roblan ( 4 1 )  i s  ]]OW cmln~)lctdy  ill lllatrix  Ilotatiol]  a]]d c.aII l)c solvd to g;ivc tl]c  c.loscd-
for]n solution,

c,, ~ - 1{;; ?’*1 (43)

is l){lrtitio]]d  as in J,mnlna A.] with T] 1 = t:’ta -{ t~’f[,; T~, : -ma + ml,; all(l I{*Z =-

1’”1 -{ 137’B. l“xmn  tl]c  syl]l]ndric  p o s i t i v e  ddi]]ik  ~’oq)litz  structulc  of 1/ ill  ( 4 4 )  it
fol lows fro]ll  Lc]]]]l]a,  A.] that tl)c  roots c)f

c(() =- 1 -{ C](-  ] + . ..+ Cfp (45)

lic inside tllc relit cirdc wl]id] is tl]c  dmird rwdt (iv). El

4. I) ISCIISS1ON

‘.l’l]corc]l]  1 i s  ilnlmrtallt  bccallsc  it illdic.atcs  (assulllil% ]]oisclcss  d a t a  a]ld  illfillitc  l)mci-
sioll {Irit,lllllct,ic,)  t,llat t,llc t rue l)lallt dyllalllics  wil l  Iw a subsd of c)\’cI1);]]lO1lc*tIiz[:(l  ])lallt
(Iy]]a]llics  alId  tile Cxtxal]cwus l)o]cs al]d  zcnos c.ol IIc ill  as mac.t ]mle-zero ca]lcdlatio]ls.  Fi-
IIally, it slmcifics  that tllc cxtrallcous  dyllml)ics  illtldllccd  fro]]) o~’cl}):il:llll  ctliz:iti[)ll  w i l l
lx illsidc  tjllc unit circle (assulnillg  tlJat  tllc ~)scudoillvmsc is usd to clIsurc a ulliquc  solll-
tiolJ to tljc ()~~cl}):iltllllctlizccl l)ml)lcln,  alId tljat, t,lle }dyllolIlials al’c fitltcd lj)olJic ill tllcir
IJigllcst ])C)WCI’). ‘J’llis  lJJCMIS t]Jat u COIILj)lCZ opcmio?  o?)cl”])ul’u?iLc:~7’azc:.~  .~i(Ibly i f  oi-Ld  OTLly

i f  it,~  .dability  Tc@7L  f u l l y  cnco~npwc.~ ilLc 7[7tii di<& Wc lIavC tllc follmvillg  il])l]ldiatc
IX%ll]ts,
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1 ) ‘J’l]c  shift Operator f = 2 c)l’cll)~lalllctlizcs  staldy  sil]cc its stal)ility  rcg;iol)  is iflclltic.al to
tl]c  u]lit disk. Note that tllc lmlyllmllials  (27) ill ‘J’l]eorclIl  1 aIw ddiIId ill causa] f(mn,  aIld
lIcIIcc tlIc C.lmicx ( = 2-1 c.orrcslxn]ds  to a IIol]causal  forln,  w}licll  will IIot OVC]I );lralllctrizc
Stlal)ly.

2 )  ‘1’lIc de l t a  olmator  ( =- 6 = (2 - 1 )/1” do t s  I)ot [)1’crl)alalllctlizc  stably  sillcc  tile ddta-
rulc stal~ility  disk only ]mrtially cnc.olnlmsscs  the unit  disk.

3) ‘1’IIC  IJn])lacc  .$ O])mtol’ does  )Ic)t c)\’cll)alalllctrizc stal)ly  lmc.ausc i t s  stal)ililly  rcgioll
(i.e., tjlle left IIalf  ~dallc)  only cl]co]J]lmsscs  half of tllc unit  disk.

wl]ic]] for s]nal] 7’ is o]lly  a slight,  ]nodificat,ic)]l of tl)c original  Cldta-ll]lc  defil]itioll.

5) ‘J’llc lJal)lzicc s opcratcw call  bc Inclclifid  to 3 = s -1 fj w]licll c)\~crlJa~fllllctlizcs stal)ly  for
:Illy  p > 1.

Mai]]taillillg  s t ab i l i t y  ill tllc face of [)~’cll)tllalllctxizatioll  CIISUICS t]mt a stal)lc  l)lant w i l l
Iw cstjil]mtcd  as a stal)lc  l)lal)t  (this is il)l~mrtallt  for robust, cxnltrol analysis llllllti~’tilial)lc
Nyquist  Tllcxmcm),  and furtjllcnnom  that  1]0 a r t i f i c i a l  llc)lllllil]illllllll })llasc Ymos wi l l  h
illtroducd  illadvcrtcnt]y  in the idmltificatiml  cflort (this is illl}mrtallt for ally  al)l)roacll  to
colltrd).  l“urtllcrmox’e,  ~)owers  of z forlll  a natural  ortllogo)la]  basis  WIICII  c~’al~latcd  011 tllc
unit circle which is ideal for estillmtion  ]mrposcs. l’illally,  using  2, it calJ lw sllowll  that  tllc
rcstfrictioll  of tllc lWICS to tllc unit disk CIISUICS that the cxnlditicm xmlllbcr  of tllc II)atrix
ill (9) (rcquird to lx invcrtd  ill t he  SS1”1)  a l g o r i t h m )  i s  rclativc]y slnall. ‘1’l]csc  tllrec
l)mlmrtics illdic,atc  tile rcaso]l  for tllc succ.css acl)icvcd  ill [4] [G] al]d  IIlally otllcn  al)l)roacl]cs
ill  tl]c l i t e ra tu re  wllicl] usc lmwcls of 2 as a lx)lyl~olnial  I)asis.

IJl)fortu]latcly,  Imnc of thcxc ]Iicc jmqmtics carry over to the delta-mlc a]ld  l,al)lacc o])-
Cn”atlols. W711ilc  smnc modificatimls  for ovcrcomil)g  tilcsc clifiicultics  arc givml  ill tile a b o v e
disc.llssiml  (for stable c)~’cr~)arall lctlizdtic)ll), al)d  ill [4] (for lncdifyillg  tllc lmver Imsis  to all
ortllogolla]  Cl]cl)ycl]cv  basis), furt]lcr  cflorts  ;ire required to dcvclol)  a cmlll)lctcly satisfying
;Il)])]oacl] to C.urvc  flttillg  ill tllcsc elm. ators.

5. I? XI’ER.IM13NTAL  CASE STUI)Y

‘1’llis  CX2UI11)1C  dcmonstmks  tl)c ssm  algorithl]l  ml cx~)crinlmtal  data takcll  frolll  tllc
J 1‘1, AdVaIJCCd ltm.oIIfiguIalJlc  Co])trol  ‘J’cstld. A  4-ill~mt,  3-outlJut  tral)sfcr fllllctiol]  is
col)sidcrcd,  WIICYC  cacll  actuator  is  al] act ive st int ,  al]d  cacli  m]sor is all accclcrolllctm.
‘J’lIc  frcqumlcy  mqmnsc d a t a  i s  obtai)lcxl  usil)g  a 512 Schrodcr ])llascd  slllll-[)f-sillllsoicls
illl)llt  dcsigll  at a sam~)lillg  r a t e  o f  2(10 IIdz (Imckgroulld  01] tllc dcsigll  o f  Scl Irocdcr-
l)llascd illl)llts, and the i r  usc ill ulll)iasd  cstilllatioll  call  lw foulld ill [3]) .  q’l]c lllagllitude
rcslmllsc  is sl]own  as the dasllcd  lillc ill  F’ig. 2 (I)llasc  is availab]c  but Ilot  sllol~’li).
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Ld tl]c  [J\’cl~)zi~’alllctrizc(~  mcdd  odcr bc ?1  = 6 0  ill  Stc~) 1 of the SS1”11 algoritllln,  a]]d M
w(ut) ;. 1 ,  ( i . e . ,  a unifcmn  wciglAillg).  Sil]cc tllcrc arc 12  )nllllcratox  ldyllolllials  and 1
dcllol]linator  lmlyllmtlial,  this rquircs  tl]c sil]mltallcms  cstilnatiml  of 780 lmrall)dcrs.  ‘J’llc
SK algoritllln  is itcmtd  12 tilncs, using  tllc tllc slmrsc matrix SVI) algorithln  dm’clqml ill
[4]. ‘J’I]c  s]mrsc  ]natrix  SW) algoritlllll  was illdcslmlsil~lc for this lmblclll,  rcducil,g  liAM
rcquirc!ll”lclks by better than al) order of lllagllitudc  (from fil~>l)I’c)xill]titclJ’  60 hJcgalytcs  to 6
hlcga}.ytcs)  and reducing Coll”llmtatioli tilnc two orders of lnagllitudc  (from tll)l)l’c)xilllfitcly
33 hours to 20 lninutcs).

Stq)s  2 ,  3 ,  and 4  (tllc rmlizatiol]  ~mrtion)  o f  tl)c  SS}’1) algoritlllll  arc co]nl)llicd  usill~;
7 == 80, s =.. 2 4 0 .  ‘1’llc singular  va]ucs  a r c  l)lottcd  ill  Pig. 1. It is seen] that tlicrc is a
sl]ar])  drol) off at 180 states since thcm is all cxaci  stliitc-s~mc.c  rt!alizatioll  of tjllis  size (i. e.,
180 = lnill(ny,nU)  * 60). IIowcvcr, fox (Iclllollstlatioll”  ~mrlmscs , a ll]odcl  order of 100 is
CIN)SCII  (i.e., q == 100). This  is also rcaso]]ab]c  sillcc  tllc mm frolll  tllc singular  value l)lot
is  SCCI] to l]avc  drol)~d  al)~)mxilnatcly  3 mdcrs of Illagllitudc  at this lmillt.

A ]Ilagllitudc  ])lot,  of tllc state-s}mce IIIOCIC1 realized frolll  Stcl)  4 of the al,goritllI1]  is SIIOWII
ill I“ig. 2 ( s o l i d  lillc)  sulm-iln~mscd  011 tllc rcslm]sc d a t a  (daslicd lillc).  ‘1’llc s t a t e  sl)acc
II] CKIC1  is stable, allcl is SCC:I  to II)atcll  tl]c  data  W C]] OIKV a c.ollsidcral~lc I}alldwidtl).

6. C; ONCI.USIC)NS

‘J’l]c  SS1”1)  a l g o r i t h m  IIas bcm]  Cxtclldcd  to cstilnating  s t a t e - s l m c c  ]nodcls  ill  arl)itrary
olmators.  1]1 cndcr  t o  s u p p o r t  t h i s  cxtcllsioll , a result  was ~nwvccl cll:irtictclizillg  t he
cxtral)cous  dyl]alnic.s  introduced  l)y {~vcl’~)aralllctJriz  titi[)ll. ‘J’llc mail]  rcslllt  is surlmisillg;]y
sillll)lc,  illdicat,  ing that the cximncow dyILu7rhic,*  arc always i7L.~idc ihc u7Lii ciIclc Tcgadlcs.%

of the opc7ator bci7Lg lLscd  (tl}is rcsuli  WSUIIJCS ]Io noise, inflllitc  ~nwcisio]l  aritlllIldic, usc
of the hloorc-l)cnmsc  ~mudc)im’crsc , a]ld  that,  t h e  ~mlyllcmlials  arc flttcd  IIlollic.  ill  tllcir
IJigllcst  lmwcr).  This result is also ilrllmrtwlt  to all arms of idcmtific.atio]l  al]d  cstilllation
sillcc  it il]dic.atcs  t}lat  tllc shift, o~)crat,or is WC]] l)c]]avcd  wit]]  mslmct to {)~’cll):il’; llllctl”ixatic)ll
wllilc  tllc de l t a - ru le  mcl La~dacc  q)crators  arc not. Alq)ropriatc  Illoclific.atiolls”  of tllcsc
latter ol)cra.tors  was given to mlsurc  that  tllcy ovcl});ilalllctlizc  stal)ly.  llowcvcr,  tidditiollal
cfrorts  arc required to obtain results co]nl)arab]c  to tllc goocl  ~)crforlnallcc  cxlm’icllccd  usill:;
the shift  olmrator  formulation of tllc SSFI) algoritllln.

‘J’l]c  SSFI) algoritllln  (ill the shift o~matcn) was tcstd o]] cxlmilnclltal  data set dc]nol]-
strat,illg  t,l)c succ,cssful  idclltificatio)l  of a lllulti\wrial)lc  (4-ill})llt/3-ollt~)llt)  100 stjatc  l]]ocld
over a bandwidth  of 100 Ilcrtz. 1)] this case, tllc SSl~’1)  algorithn  was usd ill c.mljullctioll
witl)  frcquc]lcy  data acquid usil)g  t}lc  IIlllltisilllls[)i(lal  illl)ut dcsiglls ill  [ 3 ] .  ‘1’l]c gmcral.
rcslllts arc cnc.ouragil]g,  and il)dicatc  tl]at tllc al)lmmcl]  would 1.N uscfu]  ill SUC1] a r e a s  as
adnl)tlivc  o})tics,  ficxiblc structlurcs,  l)clico~)t cr/l’ot)c)cl’aft”  tcstillg,  high ~mforlnallm  tracking)
or ally  ot]lcr a~~~dicatiolls  requiring tllc accurate idclltificatiol]  of lligll-order IIlultivarial>lc
systc)ns  over wide balldwidtlls..

!l’llis  rcscalcl]  w a s  ~mforlncd a{ t)llc J e t  l’rol)ulsioll  I,almrtitory, Califor]lia  ]Ilstitutc o f
‘1’cclll]ology, uIIdcr cmjtract with tllc National Amnlautics  aIld S1mcc A(llllillistliitiol).
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